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1.
$X$ $p$ . $X$ $f(x;\mu, \Lambda)$ , $\mathrm{E}[X]=\mu$ ,
Cov[X] $=\gamma\Lambda$ . , $\mu\in\Re^{p}$ , A $p\cross p$ , $\gamma(>0)$ .
$f(x;\mu, \Lambda)$ ,
$f(x; \mu, \Lambda)=(2\pi)^{-\mathrm{g}}2|\gamma\Lambda|^{-\frac{1}{2}}\exp\{-\frac{1}{2}(x-\mu)’(\gamma\Lambda)^{-1}(x-\mu)\}$ ,
$(\gamma=1)$ ,
$H_{0}$ : $\mu=\mu_{0}$ $K$ : $\mu\neq\mu_{0}$ ,








, , , (1956),
$(1956, 1971)$ , $T^{2}$ . , $f$ ( ; $\mu,$ $\Lambda$ )
$g$ , $K_{p}$
$f(x;\mu, \Lambda)=K_{p}|\Lambda|^{-1/2}g((x-\mu)’\Lambda^{-1}(x-\mu))$, (1.1)
, (1995) , $K_{l}$ : $\mu=\mu_{0}+N^{-\frac{1}{2}}\epsilon,$ $\epsilon\in\Re^{p}-\{0\}$
$T^{2}$ . , (1995), (1997)
Edgeworth $T^{2}$ .
, (2001) L\’evy’s .
$Z_{i}$ : $m_{i}\mathrm{x}n_{i}=(z_{\alpha\beta}^{(i)}),$ $i=1,2$ ,
$T_{i} \equiv T_{\dot{l}}(X_{1}, \ldots, X_{N})=\mathrm{E}[T_{i}(X_{1}, \ldots, X_{N})]+\frac{1}{\sqrt{N}}Z_{\dot{\iota}}$, (1.2)
$T_{1},$ $T_{2}$ $G(T_{1},T_{2})$ , $T_{1},$ $T_{2}$
. , , $H_{0}$
$T^{2}$ $O(N^{-2})$ .
, (2001) , $f(x;\mu, \Lambda)$ , (1.1)




$X_{N}$ (1.1) . , $X$
, $\psi(t)=\exp\{it’\mu\}\Psi(t’\Lambda t)$ , ,
$\mathrm{E}[X]=\mu$ , Cov[X] $=\gamma\Lambda\equiv\Sigma$ . $i=\sqrt{-1},$ $t\in\Re^{p}$ . , $\gamma=-2\Psi’(0)$
( Kelker(1970) ).
, $U=\sqrt{N}\Sigma^{-\frac{1}{2}}(\overline{X}-\mu)$ , $W=N^{-1} \sum_{k=1}^{N}(X_{k}-\mu)(X_{k}-\mu)’$ ,
$V=\sqrt{N}\Sigma^{-\frac{1}{2}}(W-\Sigma)\Sigma^{-\frac{1}{2}}$ . , $\mathrm{E}[||\mathrm{Y}||^{12}]<\infty$ $(\mathrm{Y}=X-\mu)$ . , $U$
$V$ , , $U$ , .
$\Phi_{1}(\xi, \Theta)\equiv \mathrm{E}[\exp\{i\xi’U+i\mathrm{t}\mathrm{r}(\Theta V)\}]$
$\ovalbox{\tt\small REJECT} \mathrm{e}\mathrm{t}\mathrm{r}(-i\sqrt{N}\ominus)\mathrm{E}\vdash \mathrm{p}\{iN\exists["\Sigma\dashv_{\mathrm{Y}}+\mathrm{t}\mathrm{r}(\mathrm{e}\mathrm{x}\dashv_{\mathrm{Y}\mathrm{Y}’\Sigma}\dashv)]\}]]^{N}$
$= \mathrm{e}\mathrm{t}\mathrm{r}(-i\sqrt{N}\Theta)[\sum_{k=0}^{\infty}\mathrm{A}(\mathrm{M})\mathrm{E}[[\xi’\Sigma\exists_{\mathrm{Y}+\mathrm{t}\mathrm{r}(\ominus\Sigma}\dashv\gamma\gamma’\Sigma^{-\mathfrak{h}]^{k}]]^{N}}$
2
3$= \exp\{\frac{1}{2}(-a^{2}+2b)\}[1+\frac{1}{\sqrt{N}}f_{1}+\frac{1}{N}f_{2}+\frac{1}{N\sqrt{N}}f_{3}+o(N^{-\mathrm{a}})]$ , (2.1)
$\Phi_{2}(\xi)\equiv \mathrm{E}[\exp\{i\xi’U\}]=\exp\{-\frac{1}{2}\xi’\xi\}[1+\frac{1}{N}f_{4}+\frac{1}{N^{2}}f_{5}+o(N^{-2})]$ . (2.2)
, $\mathrm{e}\mathrm{t}\mathrm{r}(*)=\exp\{\mathrm{t}\mathrm{r}(*)\},$ $\xi=(\xi_{1}, \xi_{2}, \ldots, \xi_{p})\in R^{p}$ , , $\ominus=(\frac{1}{2}(1+\delta_{\alpha\beta})\theta_{\alpha\beta})$ ,































$+ \frac{1}{N^{2}}(U+\Sigma^{-1}2\epsilon)’D(U+\Sigma^{-\frac{1}{2}}\epsilon)+o_{p}(N^{-2})$ , (2.4)
. , $A,$ $B,$ $C,$ $D$ .





















$\cross L_{r}^{(j)}(U+\Sigma^{-\frac{1}{2}}\epsilon)M_{r}^{(j)}(V)$ . (2.5)
, $L_{r}^{(j)}(U+\Sigma^{-\frac{1}{2}}\epsilon)$ $M_{r}^{(j)}(V)$ , $U+\Sigma^{-\frac{1}{2}}\epsilon$ $V$ . $T_{\epsilon}^{2}$
, (2001) .
2.1. $X$ : $m_{1}\mathrm{x}n_{1}=(x_{\alpha\beta}),$ $\mathrm{Y}$ : $m_{2}\cross m_{2}=(y_{\alpha\beta})=\mathrm{Y}’$ , $f(X, \mathrm{Y})$
$R^{m_{1}\mathfrak{n}_{1}}\cross R^{(1/2)m_{2}(m_{2}+\mathrm{L})}$ , . ,
$H(X, \mathrm{Y})=\ell(X)\prod_{\alpha\leq\beta}^{m_{2}}y_{\alpha\beta}^{k_{\alpha\beta}}\equiv\ell(X)M(\mathrm{Y})$ ,
$\ell(X)$ $X$ ,
$\int_{R^{m_{1}n_{1}}}\int_{R^{(1/2)m_{2}(m_{2}+1)}}|H(X, \mathrm{Y})f(X, \mathrm{Y})|(d\mathrm{Y})(dX)<\infty$ ,
.
,
$I= \int_{R^{m_{1}n_{1}}}\int_{R^{(1/2)m_{2}(m_{2}+1)}}H(X, \mathrm{Y})f(X, \mathrm{Y})(d\mathrm{Y})(dX)$
$= \int_{R^{m_{1}n_{1}}}\int_{R^{(1/2)m_{2}(m_{2}+1)}}\ell(X)M(\mathrm{Y})f(X, \mathrm{Y})(d\mathrm{Y})(dX)$ , (2.6)
.
$I= \int_{R^{m_{1^{\hslash}1}}}\{\ell(X)M((-i)\partial)\varphi(X, \Theta)|_{\Theta=0}\}(dX)$




$\phi(_{-}^{-}-, \Theta)=\int_{R^{m_{1^{n}1}}}\int_{R^{(1/2)m_{2}(m_{2}+1)}}\exp\{i\mathrm{t}\mathrm{r}(_{-}^{-\prime}-X)+i\mathrm{t}\mathrm{r}(\ominus \mathrm{Y})\}f(X, \mathrm{Y})(d\mathrm{Y})(dX)$,
(2.8)
(2.9)
$\mathfrak{D}_{U}=[-U, U]\mathrm{X}\cdots \mathrm{X}[-U, U]\subset R^{m_{1}n_{1}},$ $\partial:m_{2}\mathrm{x}m_{2}=(\partial/\partial\theta_{\alpha\beta})$ , $$ : $m_{2} \cross m_{2}=(\frac{1}{2}(1+\delta_{\alpha\beta})\theta_{\alpha\beta})=$
$\Theta’,$ $\delta_{\alpha\beta}$ Kronecker . , —: $m1\mathrm{x}n_{1}=(\xi_{\alpha\beta})$ .
$-\infty<\theta_{\alpha\beta}<\infty,$ $(\alpha=1, \ldots,m_{2},\beta=1, \ldots n_{2})$ , $\int_{R^{m_{1^{n}1}}}|\phi(_{-}^{-}-, \Theta)|(d_{-}^{-}-)<\infty$
$\text{ }\mathrm{F}\mathrm{f}$ ,
$\varphi(X, \Theta)=(\frac{1}{2\pi})^{m_{1}n_{1}}\int_{R^{m_{1^{\hslash}1}}}\exp\{-i\mathrm{t}\mathrm{r}(_{-}^{-\prime}-X)\}\phi(_{-}^{-}-, \Theta)(d_{-}^{-}-)$ , (2.10)
,
$I_{2}= \int_{R^{m_{1^{n}1}}}\{(\frac{1}{2\pi})^{m_{1}n_{1}}H(X, (-i)\partial)$
$\int_{R^{m_{1^{n}1}}}\exp\{-i\mathrm{t}\mathrm{r}(_{-}^{-\prime}-X)\}\phi(_{-}^{-}-, \Theta)(d_{-}^{-}-)|_{\Theta=0}\}(dX)$ , (2. 11)
.
, (2.1) (2.2) $\Phi_{1}(\xi, \Theta)$ $\Phi_{2}(\xi)$










7$\cross L_{r}^{(j)}(U+\Sigma^{-\frac{1}{2}}\epsilon)M_{r}^{(j)}((-i)\partial)\varphi_{1}(u, \Theta)|_{\Theta=}\ovalbox{\tt\small REJECT}$
$=C_{p}(t; \omega^{2})+\frac{1}{N}\sum_{\mathrm{j}=0}^{4}a_{j}C_{p+2j}(t;\omega^{2})$
$+ \frac{1}{N^{2}}\sum_{j=0}^{8}b_{j}C_{p+2j}(t;\omega^{2})+o(N^{-2})$ , (2.14)






























$+ \frac{1}{24}($ 7 $\omega^{6}+3((p-7)p-38)\omega^{4}-3$. $(p+2)((p-7)p-38)\omega^{2}$
-7 $p(p+2)(p+4))$ ,





















, $T_{\epsilon}^{2}$ $x>0$ ,
$\mathrm{P}\mathrm{r}[T_{\epsilon}^{2}<x]=G_{p}(x;\delta)+\frac{1}{N}\sum_{j=0}^{4}ajGp+2j(x;\delta)+\frac{1}{N^{2}}\sum_{j=0}^{8}ajGp+2j(x;\delta)+o(N^{-2})$,




, $\tau_{\dot{l}}(x),$ $(i=1,2)$ $O(N^{-:})$ .
, .
, .
$f(x;0, I_{p})=(1-\epsilon)N_{p}(x|0, I_{p})+\epsilon N_{p}(x|0, \sigma^{2}I_{p}),$ $(0\leq\epsilon\leq 1)$ (3.15)




$[l, u]$ 1 0 , $10^{7}$ $T^{2}$ ,
. \sim ,
, $10^{-5}$ , $\tau_{2}(l)\approx 10^{-5}$ , $u$
$\tau_{2}(u)\approx 1-10^{-5}$ .
, $N$ , $\omega^{2}$ , $\sigma^{2}$ , $\epsilon$
. $d_{1}= \max\iota\leq x\leq u|\tau_{1}(x)-\tau_{0}(x)|,$ $d_{2}= \max\iota\leq x\leq u|\tau_{2}(x)-\tau_{0}(x)|$ $1-d_{2}/d_{1}$ l Lb .
Table 1. (3.15) . $O(N^{-2})$
$o(N^{-1})$ , .
, $\text{ }$ , .
9
Figure 1: (3.15) Figure 2: (3.15)
( ) $\tau_{0}$ ( ) $\tau_{1}$ ( ) $\tau_{0}$ ( )
Figure 1. Figure 2. , $(N,p,\omega^{2}, \sigma^{2}, \epsilon)=(11,3,1,16,0.2)$
, Figure 3. . $N=60$
, Fi re 4. .
,
$f(x;0, I_{p})= \frac{\Gamma(\frac{1}{2}\nu+\frac{1}{2}p)}{(\pi\nu)^{\frac{1}{2}p}\Gamma(\frac{1}{2}\nu)}(1+’-1x’x)^{-\frac{1}{2}(_{1^{t}}+p)}$ , (3.16)
$\nu$ $t$ . ,
$\kappa=\frac{2}{\nu-4}$ $\beta=\frac{2(3\nu-10)}{(\nu-4)(\nu-6)}$ ,
, $N,$ $p,$ $\omega^{2}$ , $\nu$ .
Table 2. , Table 1. , $t$ . ,
$\nu=7$ , ( ) $O(N^{-2})$ ,
, , ,
. Figure 5. , , $(N,p,\omega^{2}, \nu)=(13,4,1,7)$
, Figure 6. , $\nu=13$ Figure 5. .




Figure 3: : $(N,p,\omega^{2},\sigma^{2},\epsilon)=(11,3,1$ , Figure 4: : $(N,p,\omega^{2},\sigma^{2},\epsilon)=(60,3,1$ ,
16, 0.2), $\tau_{2}(x)-\tau \mathrm{o}(x)$ : , $\tau_{1}(x)-\tau_{0}(x)$ : 16, 0.2), $\tau 2(x)-\tau \mathrm{o}(x)$ : , $\tau_{1}(x)-\tau \mathrm{o}(x)$ :
Fi $\mathrm{r}\mathrm{e}$ 5: $t$ : $(N,p,\omega^{2}, \nu)=(13,4,$ $1$ , Figure 6: $t$ : $(N,p,\omega^{2}, \nu)=(13,4,1$ ,
7), $\tau 2(x)-\tau \mathrm{o}(x)$ : , $\tau_{1}(x)-\tau_{0}(x)$ : $\text{ }$ 13), $\tau_{2}(x)-\tau \mathrm{o}(x)$ : , $\tau_{1}(x)-\tau \mathrm{o}(x)$ :
Figure 7: $t$ : $(N,p,\omega^{2}, \nu)=(7,.2,2$ ,
7), $\tau_{2}(x)-\tau_{0}(x)$ : ffl, $\tau_{1}(x)-\cdot\tau_{0}(x)$ :
Fi $\mathrm{r}\mathrm{e}$ 8: $t$ : $(N,p,\omega^{2}, \nu)=(30,4,0$,
9), $\tau_{2}(x)-\tau_{0}(x)$ : . $\tau_{1}(x)-\tau_{0}(x)$ :
11
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Table 1: (3.15) $1-d_{2}/d_{1}$ ( $d_{2}=$ $O(N^{-2})$ ).
$\underline{\ovalbox{\tt\small REJECT}_{\sigma\epsilon \mathrm{p}\omega N=7N=11N=13N=30N=60}}$
0058 (00225) 072 (0.0059) 0.75 (0.0037) 088 (0003 0.70 (0002)
21053 (00296) 067 (0083) 072 (0052) 087 (0.0004 077 (0002)
2050 (00381) 065 (0114) 070 (0072) 086 (0007 078 (0003)
0045 (00761) 063 (0199) 068 (0121) 0.84 (0011 080 (0003)
023042 (00863) 060 (0235) 066 (0.0145) 0.84 (0013 080 (0004)
2040 (01000) 058 (0287) 064 (0180) 082 (0017 081 (0005)
0032 (01908) 0.53 (0.0498) 060 (0302) 082 (0025 090 (0003)
41031 (0.2036) 052 (0.0550) 059 (0338) 080 (0029) 090 (0004)
2029 (0.2214) 050 (0629) 0.57 (0.0392) 0.79 (0.0035) 089 (0005)
4 0 054 (0.0221) 067 (0.0058 071 $(0036)$ 0.84 (0003) 0.74 (0001)
2 1 0.52 (0.0298) 067 (0083 071 (0052) 086 (0005) 066 (0003)
2 050 (0.0394) 065 (0117) 069 (0.0074) 085 (0.0007) 0.79 (0003)
00.43 (0.0748) 060 (0193 065 (0117) 083 (0010) 079 (0003)
04 3 042 (0.0870) 060 (0236 065 (0.0145)083 (0013) 082 (0004)
2040 (0.1027) 058 (0.0296 063 (0185) 082 (0017) 0.84 (0.0004)
0031 (0.1883) 052 (0.0485 058 (0292) 081 (0.0023) 086 (0004)
41030 (0.2051) 051 (0.0554 058 (0339) 080 (0.0028) 090 (0004)
2029 (0.2261) 050 (0.0646 056 (0.0401) 0.79 (0.0035) 090 (0.0004)
0 -0.26 (0.1148) -0.16 (0.0498) -0.14 (0.0357) -0.02 (0.0049) 0.14 (0.0009)
2 1 -1.08 (0.2455) -0.56 (0.0905) -0.37 (0.0609) 038 (0.0064) 071 (0.0009)
2 -1.72 (0.4445) -0.82 (0.1611) -0.55 (0.1084) 038 (0.0118) 072 (0.0016)
0 -0.25 (0.2132) -0.15 (0.0839) -0.11 (0.0595) -0.19 (0.0094) -0.31 (0.0013)
02 3 1 -0.68 (0.3881) -0.30 (0.1454) -0.16 (0.0990) 0.42 (0.0114) 076 (0.0013)
2 -1.45 (0.7037) -0.68 (0.2563) -0.44 (0.1729) 0.40 (0.0192) 0.75 (0.0024)
0 -0.06 (0.3494) -0.05 (0.1394) -0.05 (0.0980) -0.10 (0.0156) -0.04 (0.0025)
4 1 003 (0.3793) -0.21 (0.2287) -0.10 (0.1573) 0.40 (0.0195) 069 (0.0027)
2 012 (0.3946) -0.64 (0.3899) -0.42 (0.2658) 038 (0.0307) 0.72 (0.0040)
16 0 -0.47 (0.0497) -0.94 (0.0157) -1.20 (0.0097) 0.71 (0.0006) 072 (0.0002)
2 1 035 (0.0687) 055 (0.0211) 060 (0.0139) 082 (0.0013) 086 (0.0003)
2014 (0.1312) 051 (0.0363) 058 (0.0237) 078 (0.0025) 086 (0.0004)
0011 (0.1030) 010 (0.0303) 011 (0.0187) 070 (0.0012) 083 (0.0002)
0.4 3 1 032 (0.1475) 0.48 (0.0498) 053 (0.0324) 078 (0.0030) 088 (0.0004)
2 017 (0.2315) 0.46 (0.0735) 051 (0.0496) 0.74 (0.0054) 087 (0.0007)
0013 (0.2296) 028 (0.0628) 0.34 (0.0375) 071 (0.0025) 072 (0.0006)
4 1 023 (0.2939) 0.40 (0.1004) 0.46 (0.0655) 0.74 (0.0059) 087 (0.0007)
2 0.21 (0.3534) 038 (0.1362) 0.44 (0.0924) 0.71 (0.0097) 085 (0.0013)
0057 (0.0221) 071 (0.0057) 0.75 (0.0035) 088 (0.0003) 038 (0.0004)
2 1 0.54 (0.0259) 068 (0.0069) 0.73 (0.0043) 087 (0.0004) 069 (0.0002)
2 051 (0.0316) 066 $.(0.0088)$ 071 (0.0055) 086 (0.0005) 0.72 (0.0003)
0 0.45 (0.0737) 063 (0.0188) 068 (0.0113) 085 (0.0009) 076 (0.0004)
1 0 3 0.43 (0.0786) 061 (0.0205) 067 (0.0124) 085 (0.0010) 0.79 (0.0004)
2 0.41 (0.0872) 0.59 (0.0235) 065 (0.0144) 084 (0.0012) 0.79 (0.0004)
0 032 (0.1846) 0.54 (0.0470) 060 (0.0282) 082 (0.0022) 090 (0.0003)
4 1 031 (0.1904) 0.53 (0.0491) 060 (0.0297) 0.81 (0.0024) 090 (0.0003)
2 030 (0.2011) 052 (0.0535) 058 (0.0325) 0.81 (0.0027) 090 (0.0003)
14
15
Table 2: $t$ (3.16) 1 $-d_{2}/d_{1}(d_{2}=$ $O(N^{-2})$
).
00.44 (0.0754) 062 (0.0197)
30 31043 (0.0820) 060 (00225)
2041 (0.0923) 058 (00267)
0032 (0.1876) 0.53 (0.0489)
41031 (0.1956) 052 (00526)
20.30 (0.2080) 0.51 (0.0583)
067 (0.0122) U.79(U.UU14) \cup . (\cup .UUU )
0.65(0.0143)038(0.0063)0.04(0.0072)
$\frac{0.64(0.0172)0.22(0.0105)0.02(0.0121)}{0.59(0.0298)0.79(0.0028)0.73(0.0009)}$
$058$ (0.0326)0.70(0.0051)015(0.0063)
057(0.0368)0.56(0. 90)007(0.0110)
15
